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We systematically analyze all possible supersymmetry multiplets that include the su-
persymmetry current and the energy-momentum tensor in various dimensions, focusing
on N = 1 in four dimensions. The most general such multiplet is the S-multiplet, which
includes 16 bosonic and 16 fermionic operators. In special situations it can be decomposed,
leading to smaller multiplets with 12 + 12 or even 8 + 8 operators. Physically, these mul-
tiplets give rise to different brane charges in the supersymmetry algebra. The S-multiplet
is needed when the algebra contains both string and domain wall charges. In lower dimen-
sions (or in four-dimensional N = 2 theories) the algebra can include space-filling brane
charges, which are associated with partial supersymmetry breaking. This phenomenon
is physically distinct from ordinary spontaneous supersymmetry breaking. Our analysis
leads to new results about the dynamics of supersymmetric field theories. These include
constraints on the existence of certain charged branes and the absence of magnetic charges
in U(1) gauge theories with a Fayet-Iliopoulos term.
June 2011
1. Introduction
The goal of this paper is to present a systematic analysis of supercurrents – super-
symmetry (SUSY) multiplets that include the supersymmetry current and the energy-
momentum tensor. We find the most general consistent supercurrent and we show under
what conditions it can be decomposed into smaller multiplets. Furthermore, we give a
physical interpretation of the various supercurrents.
For concreteness, we initially focus on N = 1 theories in four dimensions. Later
we extend our discussion to N = 2 theories in three dimensions, as well as N = (0, 2)
and N = (2, 2) theories in two dimensions.
In its simplest form, the N = 1 algebra in four dimensions is1
{Qα, Qα˙} = 2σµαα˙Pµ ,
{Qα, Qβ} = 0 .
(1.2)
Following [2-4], we can add additional charges Zµ and Zµν to this algebra,
{Qα, Qα˙} = 2σµαα˙ (Pµ + Zµ) ,
{Qα, Qβ} = σµναβZµν .
(1.3)
The charges Zµ and Zµν are brane charges. They are nonzero for one-branes (strings) and
two-branes (domain walls) respectively. These brane charges commute with the super-
charges, but they are not central charges of the super-Poincare´ algebra, because they do
not commute with the Lorentz generators. Other known modifications of the supersym-
metry algebra (1.2) include terms that do not commute with the supercharges; we do not
discuss them here.
The brane charges Zµ and Zµν are generally infinite – only the charge per unit volume
is meaningful. This motivates us to replace the algebra (1.3) by its local version,
{Qα˙, Sαµ} = 2σναα˙ (Tνµ + Cνµ) + · · · ,
{Qβ, Sαµ} = σνραβCνρµ + · · · .
(1.4)
1 We follow the conventions of Wess and Bagger [1], except that our convention for switching
between vectors and bi-spinors is
ℓαα˙ = −2σ
µ
αα˙ℓµ , ℓµ =
1
4
σα˙αµ ℓαα˙ . (1.1)
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Here Cµν and Cµνρ are brane currents. They are the conserved currents corresponding to
the brane charges Zµ and Zµν . The SUSY current algebra (1.4) implies that these brane
currents are embedded in a supercurrent multiplet, along with the supersymmetry cur-
rent Sαµ and the energy-momentum tensor Tµν . The ellipses in (1.4) represent Schwinger
terms; they will be discussed below.
In general, both brane charges in (1.3) are present and we must study the current
algebra (1.4). However, under certain conditions some of these charges are absent. This
means that the corresponding current is a total derivative. In that case we should be able
to set it to zero by an improvement transformation, which modifies the various operators
in (1.4) without affecting the associated charges. If this can be done, then the supercurrent
multiplet contains fewer operators.
Supercurrent multiplets have been studied by many authors [5-16]; see also section 7.10
of [17]. Our discussion differs from earlier approaches in two crucial respects: First, some
authors view rigid supersymmetric field theory as a limit of a supergravity theory. Su-
pergravity has several known presentations, which differ in the choice of auxiliary as well
as propagating fields. These different supergravity theories are closely related to vari-
ous supercurrents. We will pursue a complementary approach, focusing on the different
supercurrent multiplets in the rigid theory. We then have the option of gauging these
supercurrents to obtain a supergravity theory. One advantage of this approach is that it
can be used to derive constraints on consistent supergravity theories [10-16,18].
Second, we insist on discussing only well-defined operators. These must be gauge
invariant and globally well-defined, even when the target space of the theory has nontrivial
topology. It is sometimes useful to describe such well-defined operators in terms of other
operators, which are not themselves well-defined. A commonly known example arises in
electrodynamics, where the field strength Fµν is gauge invariant and well-defined, but it is
useful to express it in terms of the gauge non-invariant vector potential Aµ. We will see
that physically distinct supercurrent multiplets appear to be identical, if we are careless
about allowing operators that are not well-defined.
Throughout our discussion of the various supercurrent multiplets, we impose the fol-
lowing basic requirements:
(a) The multiplet includes the energy-momentum tensor Tµν . Every local quantum field
theory possesses a real, conserved, symmetric energy-momentum tensor (see ap-
pendix A):
∂νTµν = 0 , Pµ =
∫
dD−1xTµ
0 . (1.5)
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The energy-momentum tensor is not unique. It can be modified by an improvement
transformation
Tµν → Tµν + ∂µUν − ηµν∂ρUρ , ∂[µUν] = 0 . (1.6)
More general improvement transformations include operators of higher spin; they will
not be important for us. The improvement term is automatically conserved, and it
does not contribute to the total momentum Pµ. The fact that Uµ is closed ensures
that Tµν remains symmetric. If there is a well-defined real scalar u such that Uµ = ∂µu,
then the improvement (1.6) takes the more familiar form
Tµν → Tµν +
(
∂µ∂ν − ηµν∂2
)
u . (1.7)
(b) The multiplet includes the supersymmetry current Sαµ. Every supersymmetric quan-
tum field theory possesses a conserved supersymmetry current:
∂µSαµ = 0 , Qα =
∫
d3xSα
0 . (1.8)
Like the energy-momentum tensor, the supersymmetry current is not unique. It can
be modified by an improvement transformation
Sαµ → Sαµ + (σµν)αβ∂νωβ . (1.9)
As before, more general improvements include operators of higher spin; we do not
discuss them. The improvement term is automatically conserved and it does not
affect the supercharges Qα.
(c) The energy-momentum tensor and the supersymmetry current are the only operators
with spin larger than one. This can be motivated by noting that when a rigid su-
persymmetric field theory is weakly coupled to supergravity, the supercurrent is the
source of the metric superfield. Since the graviton and the gravitino are the only fields
of spin larger than one in the supergravity multiplet, we demand that Tµν and Sαµ
be the only operators of spin larger than one in the supercurrent.
(d) The multiplet is indecomposable. In other words, it cannot be separated into two
decoupled supersymmetry multiplets. This does not mean that the multiplet is ir-
reducible. As we will see below, most supercurrents are reducible – they include
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a non-trivial sub-multiplet, which is closed under supersymmetry transformations.
However, if the complement of that sub-multiplet is not a separate supersymmetry
multiplet, then the multiplet is indecomposable.
In section 2 we show that the most general supercurrent that satisfies the four basic
requirements (a)–(d) is a real superfield Sαα˙ obeying the constraints
D
α˙Sαα˙ = χα + Yα ,
Dα˙χα = 0 , D
αχα = Dα˙χ
α˙ ,
DαYβ +DβYα = 0 , D2Yα = 0 .
(1.10)
This multiplet must exist in every supersymmetric field theory. If there is a well-defined
chiral superfield X such that Yα = DαX , the multiplet (1.10) reduces to the S-multiplet
of [13]:
D
α˙Sαα˙ = χα +DαX ,
Dα˙χα = 0 , D
αχα = Dα˙χ
α˙ ,
Dα˙X = 0 .
(1.11)
However, the superfield X does not always exist. Throughout this paper, we will refer
to (1.10) as the S-multiplet, and distinguish (1.11) as a special case.
The S-multiplet is reducible (the superfields χα and Yα are non-trivial sub-multiplets),
but in general it is indecomposable. There are, however, special cases in which the S-
multiplet is decomposable, so that we can set either χα, or Yα, or both to zero by an im-
provement transformation. This gives rise to smaller supercurrent multiplets: the Ferrara-
Zumino (FZ) multiplet [5] with χα = 0, the R-multiplet [7,11-13,17] with Yα = 0, and the
superconformal multiplet with χα = Yα = 0.
As an example, we discuss how the different supercurrent multiplets arise in general
Wess-Zumino models.
In section 3 we analyze the supersymmetry current algebra (1.4) that follows from the
different supercurrents discussed in section 2. We find that the difference between these
multiplets is reflected in the brane currents they contain.
In section 4 we repeat the analysis of sections 2 and 3 for N = 2 theories in three
dimensions. We present the analogue of the S-multiplet, and we explore the resulting
current algebra to identify the different brane currents that can arise. As we will see,
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these theories admit space-filling brane currents, which are not present in four-dimensional
theories with N = 1 supersymmetry.
In section 5 we discuss the S-multiplet and the resulting current algebra in two-
dimensional N = (0, 2) theories.
In section 6 we present additional examples. In particular, we show that there are no
magnetic charges in U(1) gauge theories with a Fayet-Iliopoulos (FI) term.
In section 7 we discuss partial supersymmetry breaking and its connection with space-
filling brane currents. We show that these brane currents deform the supersymmetry
current algebra by constants [19]. This highlights the fundamental qualitative difference
between partial supersymmetry breaking and ordinary spontaneous SUSY-breaking, where
the current algebra is not modified.
In section 8 we consider the behavior of the supercurrent multiplet under renormal-
ization group flow. This allows us to constrain the IR behavior of supersymmetric field
theories. For instance, we can establish whether a given theory admits certain charged
branes. We also comment on the fact that quantum corrections can modify the super-
current multiplet and show how these corrections are constrained by the structure of the
multiplet.
Appendix A summarizes some facts about the energy-momentum tensor and its im-
provements. Our conventions for two- and three-dimensional theories are summarized
in appendix B. In appendix C, we describe the S-multiplet in two-dimensional theories
with N = (2, 2) supersymmetry. Appendix D explains the relation between some addi-
tional supercurrents, which were discussed in [7,9,14-17], and our general framework.
2. Supercurrents in Four Dimensions
In this section we show that the S-multiplet (1.10) is the most general supercurrent
satisfying the general requirements (a)–(d) laid out in the introduction. This multiplet
must exist in any four-dimensional field theory with N = 1 supersymmetry. We then
discuss the allowed improvements of the S-multiplet and we use them to establish when
the multiplet is decomposable. We will illustrate this using general Wess-Zumino models.
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2.1. Deriving the S-Multiplet
The most general supercurrent multiplet satisfying (a)–(c) must contain a conserved
supersymmetry current Sαµ, a real, conserved, symmetric energy-momentum tensor Tµν ,
and possibly other operators of lower spin. Since Tµν is the highest-spin operator, such a
multiplet can be represented by a real superfield Tµ with
Tµ
∣∣
θσνθ
∼ Tνµ + · · · , (2.1)
where the ellipsis denotes lower-spin operators and their derivatives. The component
structure of Tµ must be consistent with the supersymmetry current algebra (1.4). A
detailed analysis shows that this completely fixes Tµ and the Schwinger terms in (1.4).
(We do not describe this arduous computation here.) Furthermore, the resulting expression
for Tµ is always decomposable. It can be separated into a sub-multiplet Zα and a smaller
supercurrent2
Sαα˙ = Tαα˙ + i
(
DαZ α˙ +Dα˙Zα
)
. (2.3)
This is the S-multiplet (1.10), which we repeat here for convenience:
D
α˙Sαα˙ = χα + Yα ,
Dα˙χα = 0 , D
αχα = Dα˙χ
α˙ ,
DαYβ +DβYα = 0 , D2Yα = 0 .
(2.4)
Thus, every supersymmetric field theory admits an S-multiplet.
It is straightforward to solve the constraints (2.4) in components:
Sµ = jµ − iθ
(
Sµ − i√
2
σµψ
)
+ iθ
(
Sµ − i√
2
σµψ
)
+
i
2
θ2Y µ − i
2
θ
2
Yµ
+
(
θσνθ
)(
2Tνµ − ηνµA− 1
8
ενµρσF
ρσ − 1
2
ενµρσ∂
ρjσ
)
− 1
2
θ2θ
(
σν∂νSµ +
i√
2
σµσ
ν∂νψ
)
+
1
2
θ
2
θ
(
σν∂νSµ +
i√
2
σµσ
ν∂νψ
)
+
1
2
θ2θ
2
(
∂µ∂
νjν − 1
2
∂2jµ
)
.
(2.5)
2 The superfield Zα satisfies the defining relations
DαZβ +DβZα = 0 ,
D
2
Zα + 2Dα˙DαZ
α˙
+DαDα˙Z
α˙
= 0 .
(2.2)
See appendix D for a related discussion.
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The chiral superfield χα is given by
χα = −iλα(y) + θβ
(
δα
βD(y)− i(σµν)αβFµν(y)
)
+ θ2σµαα˙∂µλ
α˙
(y) ,
λα = 2σ
µ
αα˙S
α˙
µ + 3
√
2iψα ,
D = −4Tµµ + 6A ,
Fµν = −Fνµ , ∂[µFνρ] = 0 ,
(2.6)
and the superfield Yα is given by
Yα =
√
2ψα + 2θαF + 2iσ
µ
αα˙θ
α˙
Yµ − 2
√
2i
(
θσµθ
)
(σµν)α
β
∂νψβ
+ iθ2σµαα˙θ
α˙
∂µF + θ
2
θα∂
µYµ − 1
2
√
2
θ2θ
2
∂2ψα ,
∂[µYν] = 0 ,
F = A+ i∂µjµ .
(2.7)
The supersymmetry current Sαµ is conserved, and the energy-momentum tensor Tµν is real,
conserved, and symmetric. The S-multiplet contains 16+ 16 independent real operators.3
If there is a well-defined complex scalar x such that the complex closed one-form Yµ
in (2.7) can be written as Yµ = ∂µx, then we can express
Yα = DαX , Dα˙X = 0 , (2.8)
where the chiral superfield X is given by
X = x(y) +
√
2θψ(y) + θ2F (y) . (2.9)
In this case the S-multiplet takes the form (1.11) discussed in [13]. However, there are
situations in which X does not exist and we must use Yα (for an example, see subsec-
tion 2.3).
3 We define the number of independent operators as the number of components minus the
number of conservation laws. For example, the 4×5/2 = 10 components of the energy-momentum
tensor lead to 6 independent operators, because there are 4 conservation laws.
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2.2. Improvements and Decomposability
The S-multiplet is not unique. It can be modified by an improvement transformation,
Sαα˙ → Sαα˙ + [Dα, Dα˙]U ,
χα → χα + 3
2
D
2
DαU ,
Yα → Yα + 1
2
DαD
2
U ,
(2.10)
where the real superfield U takes the form
U = u+ θη + θη + θ2N + θ
2
N − (θσµθ)Vµ + · · · . (2.11)
The transformation (2.10) preserves the constraints (2.4). It modifies the supersymmetry
current and the energy-momentum tensor by improvement terms as in (1.9) and (1.6),
Sαµ → Sαµ + 2(σµν)αβ∂νηβ ,
Tµν → Tµν + 1
2
(
∂µ∂ν − ηµν∂2
)
u ,
(2.12)
and it also shifts
Fµν → Fµν − 6 (∂µVν − ∂νVµ) ,
Yµ → Yµ − 2∂µN .
(2.13)
In order for the improvement transformation (2.10) to be well-defined, the super-
field U must be well-defined up to shifts by a real constant. It is possible to express this
transformation entirely in terms of the well-defined superfield ζα = DαU .
4 With this
understanding and for ease of notation, we continue to work in terms of U .
4 The superfield ζα satisfies the constraints
Dαζβ +Dβζα = 0 ,
D
2
ζα + 2Dα˙Dαζ
α˙
+DαDα˙ζ
α˙
= 0 .
(2.14)
In terms of ζα, the improvement transformation (2.10) takes the form
Sαα˙ → Sαα˙ +Dαζα˙ −Dα˙ζα ,
χα → χα +
3
2
D
2
ζα ,
Yα → Yα +
1
2
DαDα˙ζ
α˙
.
(2.15)
This is similar, but not identical, to the transformation (2.3), which involves the superfield Zα
defined in (2.2).
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As we explained in the introduction, the S-multiplet is reducible, since χα and Yα are
non-trivial sub-multiplets, but it is generally indecomposable. However, there are special
cases in which we can use improvements (2.10) to decompose the S-multiplet. This gives
rise to smaller supercurrent multiplets:
1.) If there is a well-defined real U such that χα = −32D
2
DαU , then χα can be improved
to zero. In this case the S-multiplet decomposes into χα and a supercurrent Jαα˙
satisfying
D
α˙Jαα˙ = Yα ,
DαYβ +DβYα = 0 , D2Yα = 0 .
(2.16)
This is the FZ-multiplet [5]. It contains 12 + 12 independent real operators. If it is
possible to write Yα = DαX as in (2.8), then we recover the more familiar form of
the FZ-multiplet,
D
α˙Jαα˙ = DαX ,
Dα˙X = 0 .
(2.17)
2.) If there is a well-defined real U such that X = −12D
2
U , then Yα = DαX can be
improved to zero. In this case the S-multiplet decomposes into Yα and a supercur-
rent Rαα˙ satisfying
D
α˙Rαα˙ = χα ,
Dα˙χα = 0 , D
αχα = Dα˙χ
α˙ .
(2.18)
This is the R-multiplet [7,11-13,17]. Like the FZ-multiplet, the R-multiplet con-
tains 12+12 independent real operators. The constraints (2.18) imply that ∂µRµ = 0,
so that the bottom component of Rµ is a conserved R-current. Conversely, any theory
with a continuous R-symmetry admits an R-multiplet.
3.) If we can set both χα and Yα to zero by a single improvement transformation, then the
theory is superconformal and the S-multiplet decomposes into χα, Yα, and an 8 + 8
supercurrent Jαα˙ satisfying
D
α˙Jαα˙ = 0 . (2.19)
The FZ-multiplet and the R-multiplet allow residual improvement transformations, which
preserve the conditions χα = 0 and Yα = 0 respectively.
With the exception of the special cases discussed above, the S-multiplet is indecom-
posable. This is because we insist on discussing only well-defined operators. Other authors
have decomposed the S-multiplet even when it is indecomposable, because they were will-
ing to consider operators that are either not gauge invariant or not globally well-defined.
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2.3. The S-Multiplet in Wess-Zumino Models
As an example, we consider a general Wess-Zumino model with Ka¨hler poten-
tial K(Φi,Φ
i
) and superpotential W (Φi). The Ka¨hler potential and the superpotential
need not be well-defined: K may be shifted by Ka¨hler transformations,
K(Φi,Φ
i
)→ K(Φi,Φi) + Λ(Φi) + Λ(Φi) , (2.20)
and W may be shifted by constants. This is because the component Lagrangian of the
theory only depends on the Ka¨hler metric gij = ∂i∂jK of the target space, and on the
derivatives ∂iW of the superpotential. Thus, only gij and ∂iW must be well-defined. We
can use the metric to construct the Ka¨hler form
Ω = igijdΦ
i ∧ dΦj , (2.21)
which is real and closed, dΩ = 0. Locally, it can be expressed as
Ω = dA , A = − i
2
∂iKdΦ
i +
i
2
∂iKdΦ
i
. (2.22)
In general, the Ka¨hler connection A is not globally well-defined.
Using the equations of motion D
2
∂iK = 4∂iW , we can check that the superfields
Sαα˙ = 2gijDαΦiDα˙Φ
j
,
χα = D
2
DαK ,
Yα = 4DαW ,
(2.23)
satisfy the constraints (1.10). These operators are well-defined under Ka¨hler transfor-
mations (2.20) and shifts of W by a constant. Thus, the Wess-Zumino model has a well-
defined S-multiplet, as must be the case in any supersymmetric field theory. We would like
to know under what conditions this multiplet is decomposable, so that it can be improved
to an FZ-multiplet or an R-multiplet.
If we take U = −23K in (2.10), then χα is improved to zero and we obtain an FZ-
multiplet. This is allowed only if U ∼ K is well-defined up to shifts by a real constant.
In other words, the Ka¨hler connection A must be globally well-defined [13]. Note that
this never happens on a compact manifold, where some power of Ω is proportional to the
volume form, which cannot be exact. As an example, consider a single chiral superfield Φ
with Ka¨hler potential
K = f2 log
(
1 + |Φ|2) , (2.24)
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where f is a real constant of dimension one and Φ is dimensionless. This Ka¨hler potential
gives rise to the Fubini-Study metric on CP1, which is compact. In this theory, the S-
multiplet cannot be improved to an FZ-multiplet.
If W is not well-defined, then it is not possible to express Yα = DαX as in (2.8).
Therefore, such a model cannot have anR-multiplet. A simple example is a cylinder-valued
chiral superfield Φ ∼ Φ + 1, with canonical Ka¨hler potential and superpotential W ∼ Φ.
Going around the cylinder shifts W by a constant, and hence it is not well-defined.
If W is well-defined, then so is X = 4W . We can improve X to zero and obtain
an R-multiplet if and only if the theory has a continuous R-symmetry. This requires a
basis in which the fields Φi can be assigned R-charges Ri such that the superpotential
has R-charge 2,
2W =
∑
i
RiΦ
i∂iW , (2.25)
and the Ka¨hler potential is R-invariant up to a Ka¨hler transformation,
∑
i
(
RiΦ
i∂iK −RiΦi∂iK
)
= Ξ(Φj) + Ξ(Φ
j
) . (2.26)
Using (2.25) and the equations of motion, we can write
X = −1
2
D
2
U , U = −
∑
i
RiΦ
i∂iK . (2.27)
This U is real as long as the chiral superfield Ξ in (2.26) is a constant. In other words, K
must be R-invariant up to shifts by a real constant. Furthermore, U is well-defined as long
as we only perform Ka¨hler transformations that preserve this R-invariance of K. If both
of these conditions are satisfied, then we can use U in (2.10) to obtain an R-multiplet.
For example, the CP1 model (2.24) has an R-multiplet. However, the cylinder-valued
superfield Φ ∼ Φ + 1 with canonical K and W ∼ Φ does not have an R-multiplet. This
follows from the fact that the theory does not have a well-defined X . More explicitly, the
superpotential W ∼ Φ forces us to assign RΦ = 2, so that the R-transformation multiplies
the bottom component of Φ by a phase, but this is incompatible with the cylindrical field
space Φ ∼ Φ+ 1.
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3. Physical Interpretation in Terms of Brane Currents
We have seen that the S-multiplet, though generally indecomposable, can sometimes
be improved to a smaller supercurrent multiplet. This is possible whenever χα or Yα can be
expressed in terms of a real superfield U . The non-existence of such a U is an obstruction
to the decomposability of the S-multiplet. In this section we interpret this obstruction
physically.
Let us consider the current algebra that follows from the S-multiplet,5
{Qα˙, Sαµ} = σναα˙
(
2Tνµ − 1
8
ενµρσF
ρσ + i∂νjµ − iηνµ∂ρjρ − 1
2
ενµρσ∂
ρjσ
)
,
{Qβ, Sαµ} = 2i (σµν)αβ Y
ν
.
(3.1)
Recall from (2.6) and (2.7) that the real closed two-form Fµν is embedded in χα and
that the complex closed one-form Yµ is embedded in Yα. To elucidate the role of these
operators, we define
Cµν = − 1
16
εµνρσF
ρσ , ∂νCµν = 0 ,
Cµνρ = −εµνρσY σ , ∂ρCµνρ = 0 .
(3.2)
The current algebra (3.1) then takes the form (1.4). We see that the Schwinger terms
depend only on jµ and that there are no such terms in {Qβ, Sαµ}. As we mentioned in
the introduction, the two-form current Cµν is associated with strings and the three-form
current Cµνρ is associated with domain walls. The appearance of such currents in the
four-dimensional N = 1 current algebra was pointed out in [20,4].
We can formally define the string and domain wall charges
Zµ =
∫
d3xCµ
0 , Zµν =
∫
d3xCµν
0 , (3.3)
and integrate the current algebra (3.1) to obtain the modified supersymmetry algebra (1.3),
which we repeat here for convenience:
{Qα, Qα˙} = 2σµαα˙ (Pµ + Zµ) ,
{Qα, Qβ} = σµναβZµν .
(3.4)
5 We use the fact that [ξαQα + ξα˙Q
α˙
, S] = i(ξαQα + ξα˙Q
α˙
)S , for any superfield S. Here Qα
is the supercharge and Qα is the corresponding superspace differential operator. The additional
factor of i is needed for consistency with Hermitian conjugation.
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In obtaining this algebra, we have dropped the contributions from the jµ-dependent
Schwinger terms in (3.1), which can contribute a boundary term to {Qα, Qα˙}. The imag-
inary part of this boundary term must vanish by unitarity. The real part is due to the
term ∼ εµνρσ∂ρjσ in (3.1), and we assume that it vanishes as well. (We will revisit this
point below.) Note that the string charge Zµ is algebraically indistinguishable from the
momentum Pµ. However, they are distinguished at the level of the current algebra (3.1).
As we mentioned in the introduction, the brane charges Zµ and Zµν are not central
charges of the super-Poincare´ algebra. Moreover, they are generally infinite, and only
the charge per unit volume is meaningful. For instance, it determines the tension of BPS
branes. Many authors have studied such BPS configurations (see e.g. [21,22] and references
therein). Our new point here is the relation between the brane currents and the different
supercurrent multiplets.
Under improvements (2.10) of the S-multiplet, the shifts of Fµν and Yµ in (2.13) imply
that the brane currents also change by improvement terms,
Cµν → Cµν + 3
4
εµνρσ∂
ρV σ ,
Cµνρ → Cµνρ + 2εµνρσ∂σN ,
(3.5)
where Vµ and N belong to the superfield U in (2.11). Upon integration, these improvement
terms can contribute boundary terms to the brane charges Zµ and Zµν . Whether or not
such boundary terms arise depends on the behavior of Vµ and N at spatial infinity. Note
that the Schwinger term ∼ εµνρσ∂ρjσ in (3.1) looks like an improvement term for Cµν
with Vµ ∼ jµ. As long as jµ, Vµ, and N are sufficiently well-behaved at spatial infinity, all
boundary terms vanish and the brane charges are not affected by the improvements (3.5).
This is the case for isolated branes, as long as the fields approach a supersymmetric vacuum
far away from the brane.6 The fact that improvements of the supersymmetry current do
not affect the brane charges was pointed out in [24,4].
With these assumptions, we conclude that the string charge Zµ must vanish in theories
in which Fµν can be set to zero by an improvement transformation. This is the case if
6 In the presence of more complicated configurations, such as certain brane bound states, this
is no longer true. For instance, the Schwinger term ∼ εµνρσ∂
ρjσ in (3.1) gives rise to a boundary
contribution in the presence of domain wall junctions [4,23]. However, the string-like defect on
which the domain walls end does not exist in isolation, and hence this boundary term is not a
conventional string charge.
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and only if the S-multiplet can be improved to an FZ-multiplet. Likewise, the domain
wall charge Zµν must vanish in theories in which Yµ can be set to zero by an improvement
transformation, and this happens if and only if the S-multiplet can be improved to an R-
multiplet. Conversely, the existence of strings that carry charge Zµ is a physical obstruction
to improving the S-multiplet to an FZ-multiplet, and the existence of domain walls that
carry charge Zµν is a physical obstruction to improving the S-multiplet to anR-multiplet.7
This point of view emphasizes the fact that the S-multiplet always exists, but that
it may be decomposable. The existence of brane charges in the supersymmetry algebra is
an obstruction to decomposability, and it forces us to consider different supercurrents con-
taining the corresponding brane currents: charged domain walls lead to the FZ-multiplet,
and charged strings give rise to the R-multiplet. Theories that support both domain walls
and strings with charges in the supersymmetry algebra require the S-multiplet.
To illustrate this, we return to the Wess-Zumino models of subsection 2.3. If such a
model admits strings with charge Zµ, then χα = D
2
DαK in (2.23) cannot be improved
to zero. Therefore, the Ka¨hler form Ω in (2.20) is not exact. In this case, the opera-
tor Fµν in the S-multiplet is proportional to the pull-back to spacetime of Ω, and the
string current Cµν ∼ iεµνρσgij∂ρφi∂σφ
j
is topological. (This is familiar in the context of
two-dimensional sigma models, where the analogues of four-dimensional strings are instan-
tons.) If the string is oriented along the z-axis in its rest frame, then the string charge
is given by Zµ = ±TBPSLδµ3, where TBPS > 0 is a constant, L → ∞ is the length of the
string, and the sign is determined by the chirality of the string. From (3.4), we see that the
massM of the string satisfies the BPS boundM ≥ TBPSL. If this bound is saturated, then
the string has tension TBPS, and it preserves two real supercharges. A typical example is
the CP1 model (2.24), which supports BPS strings with TBPS ∼ f2.
If the Wess-Zumino model admits domain walls that carry charge Zµν , then Yα cannot
be improved to zero. Hence, the theory does not have a continuous R-symmetry. In this
case, the operator Yµ in the S-multiplet is proportional to the pull-back to spacetime of
the holomorphic one-form ∂iWdΦ
i. If the domain wall is at rest and lies in the xy-plane,
then the non-vanishing components of the domain wall charge are Z12 = −Z21 = 2zBPSA,
where zBPS is a complex constant and A→∞ is the area of the wall. From (3.4), we see
7 This does not apply to branes whose charges do not appear in the supersymmetry algebra.
For instance, there can be strings in theories with FZ-multiplets, provided the string charge does
not appear in the supersymmetry algebra [25]. Clearly, such strings cannot be BPS.
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that the mass M of the wall satisfies the BPS bound M ≥ |zBPS|A. If this bound is sat-
urated, then the wall has tension |zBPS|, and it preserves two real supercharges. A simple
example is a single chiral superfield Φ with canonical Ka¨hler potential and superpoten-
tial W = m2 Φ
2 + λ3Φ
3. This model has two degenerate supersymmetric vacua, and it sup-
ports a BPS domain wall, which interpolates between them. In this case zBPS = −2∆W ,
where ∆W = ±m36λ2 is the difference of the superpotential evaluated in the two vacua; the
sign is determined by the choice of vacuum on either side of the wall.
4. Supercurrents in Three Dimensions
In this section, we discuss the analogue of the S-multiplet in three-dimensional theo-
ries with N = 2 supersymmetry. (Our conventions are summarized in appendix B.) Just as
in four-dimensions, this multiplet is the most general supercurrent satisfying the require-
ments (a)–(d) laid out in the introduction. Consequently, it exists in every supersymmetric
field theory.
4.1. The S-Multiplet
In three-dimensional N = 2 theories, the S-multiplet is a real superfield Sµ, which
satisfies the constraints
D
βSαβ = χα + Yα ,
Dαχβ =
1
2
Cεαβ , D
αχα = −Dαχα ,
DαYβ +DβYα = 0 , DαYα = −C ,
(4.1)
where Sαβ = Sβα is the symmetric bi-spinor corresponding to Sµ, and C is a complex
constant. We will see that C gives rise to a new kind of brane current, which is qualitatively
different from the brane currents we encountered in four dimensions.
It is straightforward to solve the constraints (4.1) in components:
Sµ = jµ − iθ
(
Sµ +
i√
2
γµψ
)
− iθ
(
Sµ − i√
2
γµψ
)
+
i
2
θ2Y µ +
i
2
θ
2
Yµ
− (θγνθ)(2Tνµ − ηµνA+ 1
4
ενµρH
ρ
)
− iθθ
(
1
4
εµνρF
νρ + εµνρ∂
νjρ
)
+
1
2
θ2θ
(
γν∂νSµ − i√
2
γνγµ∂
νψ
)
+
1
2
θ
2
θ
(
γν∂νSµ +
i√
2
γνγµ∂
νψ
)
− 1
2
θ2θ
2
(
∂µ∂
νjν − 1
2
∂2jµ
)
.
(4.2)
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The chiral superfield χα is given by
χα = −iλα(y) + θβ
(
δα
βD(y)− γµαβ
(
Hµ(y)− i
2
εµνρF
νρ(y)
))
+
1
2
θαC − θ2γµαβ∂µλβ(y) ,
λα = −2γµαβSβµ + 3
√
2iψα ,
D = −4Tµµ + 4A ,
∂[µHν] = 0 ,
Fµν = −Fνµ , ∂[µFνρ] = 0 ,
yµ = xµ − iθγµθ ,
(4.3)
and the superfield Yα is given by
Yα =
√
2ψα + 2θαF − 1
2
θαC + 2iγ
µ
αβθ
β
Yµ +
√
2i
(
θγµθ
)
εµνργ
ν
α
β∂ρψβ
+
√
2iθθγµα
β∂µψβ + iθ
2γµαβθ
β
∂µF − θ2θα∂µYµ + 1
2
√
2
θ2θ
2
∂2ψα ,
∂[µYν] = 0 ,
F = A+ i∂µjµ .
(4.4)
The supersymmetry current Sαµ is conserved, and the energy-momentum tensor Tµν is
real, conserved, and symmetric. The S-multiplet now contains 12 + 12 independent real
operators, and the complex constant C.
If there is a well-defined complex scalar x such that the complex closed one-form Yµ
in (4.4) can be written as Yµ = ∂µx, then we can express
Yα = DαX , DαDβX = −1
2
Cεαβ , D
2
X = 0 , (4.5)
where X | = x. If the constant C vanishes, then X is chiral, just as in four dimensions.
If there is a well-defined real scalar J such that the real closed one-form Hµ in (4.3)
can be written as Hµ = ∂µJ , then we can express
χα = iDαJ , D2J = −iC , (4.6)
where J | = J . If the constant C vanishes, then J is a real linear multiplet.8
8 A real linear multiplet O satisfies D
2
O = 0 and hence also D2O = 0 .
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4.2. Improvements and Decomposability
The S-multiplet (4.1) can be modified by an improvement transformation
Sαβ → Sαβ + 1
2
(
[Dα, Dβ ] + [Dβ , Dα]
)
U ,
χα → χα −D2DαU ,
Yα → Yα − 1
2
DαD
2
U ,
(4.7)
where the real superfield U takes the form
U = · · ·+ θ2N − θ2N + (θγµθ)Vµ − iθθK + · · · . (4.8)
The transformation (4.7) preserves the constraints (4.1), and it changes the supersymmetry
current and the energy-momentum tensor by improvement terms. It also shifts
Hµ → Hµ − 4∂µK ,
Fµν → Fµν − 4 (∂µVν − ∂νVµ) ,
Yµ → Yµ − 2∂µN .
(4.9)
The constant C is not affected. As in four dimensions, the superfield U in (4.7) is only
well-defined up to shifts by a real constant, and we could instead work with the well-defined
superfield ζα = DαU .
9
Again, we distinguish cases in which the S-multiplet can be improved to a smaller
supercurrent:
1.) If C = 0 and there is a well-defined real U such that J = 2iDDU , then χα = iDαJ
can be improved to zero and we obtain an FZ-multiplet
D
βJαβ = Yα ,
DαYβ +DβYα = 0 , DαYα = 0 .
(4.11)
9 In three dimensions, the superfield ζα satisfies the constraints (compare with (2.14))
D
α
ζα = D
αζα ,
Dαζβ +Dβζα = 0 ,
D
2
ζα + 2D
β
Dαζβ +DαD
β
ζβ = 0 .
(4.10)
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This multiplet contains 8 + 8 independent real operators.
2.) If C = 0 and there is a well-defined real U such that X = 1
2
D
2
U , then Yα = DαX
can be improved to zero and we obtain an R-multiplet
D
βRαβ = χα ,
Dαχβ = 0 , D
αχα = −Dαχα .
(4.12)
Like the FZ-multiplet, it contains 8 + 8 independent real operators. As in four di-
mensions, the bottom component of the R-multiplet is a conserved R-current, and
the R-multiplet exists in every theory with a continuous R-symmetry.
3.) If C = 0 and we can set both χα and Yα to zero by a single improvement transforma-
tion, then the theory is superconformal, and it has a 4 + 4 multiplet satisfying
D
βJαβ = 0 . (4.13)
Note that the S-multiplet is decomposable only if the constant C vanishes.
4.3. Brane Currents
The current algebra that follows from the S-multiplet takes the form
{Qα, Sβµ} = γναβ
(
2Tνµ +
1
4
ενµρH
ρ + i∂νjµ − iηµν∂ρjρ
)
+ iεαβ
(
1
4
εµνρF
νρ + εµνρ∂
νjρ
)
,
{Qα, Sβµ} = 1
4
Cγµαβ + iεµνργ
ν
αβY
ρ
.
(4.14)
This allows us to identify the conserved brane currents
Cµ ∼ εµνρF νρ , Cµν ∼ εµνρHρ , C′µν ∼ εµνρY
ρ
, Cµνρ ∼ Cεµνρ . (4.15)
The current Cµ is associated with zero-branes (it gives rise to a well-defined central
charge Z; see appendix B), while Cµν and C
′
µν are associated with one-branes. The cur-
rent Cµνρ is associated with space-filling two-branes.
As in four-dimensions, improvement transformations (4.7) of the S-multiplet shift the
brane-currents (4.15) by improvement terms, so that the corresponding brane charges are
unchanged. (The space-filling brane current Cµνρ is not affected.) Thus, the zero-brane
charge corresponding to Cµ and the one-brane charge corresponding to Cµν must vanish, if
the S-multiplet can be improved to an FZ-multiplet. The one-brane charge corresponding
to C′µν must vanish, if the S-multiplet can be improved to an R-multiplet. Conversely, the
existence of branes carrying these charges is a physical obstruction to improving the S-
multiplet to one of the smaller supercurrents.
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4.4. Relation to Four-Dimensional Supercurrents
It is instructive to reduce the four-dimensional S-multiplet (1.10) to three dimensions.
Upon reduction, the four-dimensional superfield Sαβ˙ decomposes into a symmetric bi-
spinor Ŝαβ and a real scalar Ĵ , which arises as the component of the four-dimensional Sµ in
the reduced direction. Thus Ĵ contains a conserved current corresponding to translations
in the reduced direction. The four-dimensional superfields χα,Yα reduce to χ̂α, Ŷα. The
constraints (1.10) then take the form
D
βŜαβ = 2iDαĴ + χ̂α + Ŷα ,
Dαχ̂β = 0 , D
αχ̂α = −Dαχ̂α ,
DαŶβ +DβŶα = 0 , D2Ŷα = 0 .
(4.16)
These constraints imply that D
αŶα = −C, where C is a complex constant, and thus
D
2Ĵ = − iC
2
. (4.17)
The constant C arises from the four-dimensional domain wall current Cµνρ in (3.2), but
in three dimensions it represents a space-filling brane current. We identify (4.16) as a
three-dimensional S-multiplet (4.1) with
χα = χ̂α + 2iDαĴ . (4.18)
In general, Ĵ is non-trivial, so that it cannot be set to zero by a three-dimensional im-
provement transformation (4.7).
We see that the four-dimensional S-multiplet, which has 16+16 independent operators,
becomes decomposable upon reduction to three dimensions. It decomposes into a three-
dimensional S-multiplet, which has 12 + 12 independent operators, and another 4 + 4
multiplet. Likewise, the reduction of the four-dimensional R-multiplet (2.18) decomposes
into a three-dimensional R-multiplet (4.12), and another 4+4 multiplet. This is expected,
because a continuous R-symmetry is preserved by dimensional reduction.
However, the four-dimensional FZ-multiplet (2.16), which has 12 + 12 independent
operators, reduces to a three-dimensional S-multiplet (4.1), which is generally indecom-
posable. This is because Ĵ gives rise to a non-trivial χα in (4.18), even when χ̂α = 0.
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5. Supercurrents in Two Dimensions
In this section, we present the analogue of the S-multiplet in two-dimensional theories
with N = (0, 2) supersymmetry. (Our conventions are summarized in appendix B.) In
appendix C we extend our results to theories with N = (2, 2) supersymmetry.
In two-dimensional N = (0, 2) theories, the S-multiplet consists of two real super-
fields S++, T−−−− and a complex superfield W−, which satisfy the constraints
∂−−S++ = D+W− −D+W− ,
D+T−−−− = 1
2
∂−−W− ,
D+W− = C .
(5.1)
Here C is a complex constant. As in three dimensions, it is associated with a space-filling
brane current.
It is straightforward to solve the constraints (5.1) in components:
S++ = j++ − iθ+S+++ − iθ+S+++ − θ+θ+T++++ ,
W− = −S+−− − iθ+
(
T++−− +
i
2
∂−−j++
)
− θ+C + i
2
θ+θ
+
∂++S+−− ,
T−−−− = T−−−− − 1
2
θ+∂−−S+−− +
1
2
θ
+
∂−−S+−− +
1
4
θ+θ
+
∂2−−j++ .
(5.2)
The supersymmetry current is conserved, and the energy-momentum tensor is real, con-
served, and symmetric,
∂++S+−− + ∂−−S+++ = 0 ,
∂++T±±−− + ∂−−T±±++ = 0 ,
T++−− = T−−++ .
(5.3)
Thus, the S-multiplet contains 2 + 2 independent real operators,10 and the constant C.
Note that j++ is not in general accompanied by another real operator j−−.
The improvements of the S-multiplet (5.1) take the form
S++ → S++ + [D+, D+]U ,
W− →W− + ∂−−D+U ,
T−−−− → T−−−− + 1
2
∂2−−U ,
(5.4)
10 We count independent operators according to the rules explained in footnote 3. This can
obscure the counting in two dimensions. For instance, we do not count left-moving operators,
which satisfy ∂++O = 0.
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where U is a real superfield, whose bottom component is well-defined up to shifts by a
real constant. The transformation (5.4) preserves the constraints (5.1) and it changes the
supersymmetry current and the energy-momentum tensor by improvement terms. The
constant C is not affected.
As before, we distinguish special cases:
1.) If C = 0 and there is a well-defined real superfield R−− such that W− = iD+R−−,
we obtain an R-multiplet
∂−−R++ + ∂++R−− = 0 ,
D+
(
T−−−− − 1
2
∂−−R−−
)
= 0 .
(5.5)
Here we have relabeled S++ → R++. The bottom components of R±± form a
conserved R-current with R = −14
∫
dx (j++ + j−−). Unlike in higher dimensions,
the R-multiplet now includes the same number (2 + 2) of independent real oper-
ators as the S-multiplet: the conserved, symmetric energy-momentum tensor, the
conserved R-current, and two conserved supersymmetry currents.
2.) If C = 0 and we can set W− to zero by an improvement transformation, the theory is
superconformal and the S-multiplet decomposes into the right-moving supercurrent
∂−−S++ = 0 , (5.6)
and the left-moving component T−−−− of the energy-momentum tensor.
The current algebra that follows from the S-multiplet takes the from
{Q+, S+++} = −T++++ −
i
2
∂++j++ ,
{Q+, S+−−} = −T++−− +
i
2
∂−−j++ ,
{Q+, S+++} = 0 ,
{Q+, S+−−} = iC .
(5.7)
As in three dimensions, we interpret the constant C as a space-filling brane current. This
brane current is not affected by improvement transformations (5.4), and it must vanish
whenever the theory admits an R-multiplet (5.5).
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6. Examples
6.1. Fayet-Iliopoulos Terms
Consider a free U(1) gauge theory with an FI-term in four dimensions:
L =
1
4e2
∫
d2θWαWα + c.c.+ ξ
∫
d4θ V . (6.1)
Here Wα = −14D
2
DαV is the usual field-strength superfield. Using the equations of
motion DαWα = e
2ξ, we find that this theory has an R-multiplet
Rαα˙ = − 4
e2
WαW α˙ ,
χα = −4ξWα .
(6.2)
It cannot be improved to an FZ-multiplet. Such an improvement would require U ∼ ξV
in (2.10), and this is not gauge invariant [10,13]. If we couple (6.1) to matter with a generic
superpotential, there will no longer be a continuous R-symmetry. In this case the theory
has an indecomposable S-multiplet; it admits neither an R-multiplet nor an FZ-multiplet.
We see that χα ∼ ξWα cannot be improved to zero in theories with an FI-term,
and therefore they do not have an FZ-multiplet. From our discussion in section 3 we
expect these theories to admit strings carrying charge Zµ. This is indeed the case: even
the simplest nontrivial example, supersymmetric QED with an FI-term, supports such
strings [26]. In this theory they turn out to be BPS, with tension TBPS ∼ ξ.
Note that the real two-form Fµν in χα is proportional to the U(1) field strength inWα.
Since Fµν must be closed, we conclude that there are no magnetic charges in U(1) gauge
theories with an FI-term.
6.2. Chern-Simons Terms
Consider a free U(1) gauge theory with a Chern-Simons term and an FI-term in three
dimensions:
L = − 1
4e2
∫
d4θΣ2 + k
∫
d4θΣV + ξ
∫
d4θ V . (6.3)
Here Σ = iDDV is the three-dimensional field strength; it is a real linear superfield. Using
the equations of motion iDDΣ = 2e2ξ+4e2kΣ , we find that the theory has an R-multiplet
Rαβ = 1
2e2
(
DαΣDβΣ +DβΣDαΣ
)
,
χα = iDαJ , J = −ξΣ− i
4e2
DD
(
Σ2
)
.
(6.4)
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If ξ = 0, we can perform an improvement transformation (4.7) with U ∼ 1
e2
Σ2 to obtain
an FZ-multiplet
Jαβ = 1
2e2
(
DαΣDβΣ +DβΣDαΣ
)− 1
16e2
(
[Dα, Dβ] + [Dβ , Dα]
) (
Σ2
)
,
Yα = DαX, X = 1
16e2
D
2 (
Σ2
)
.
(6.5)
Note that the Chern-Simons level k does not appear explicitly.
6.3. Real Mass Terms
Three-dimensional N = 2 theories allow real mass terms. Each real mass parameterm
is associated with a U(1) flavor symmetry. The flavor current is usually embedded in a
real linear multiplet Jm, which contributes to the operator χα in the S-multiplet,
χα ∼ imDαJm . (6.6)
Thus χα cannot be improved to zero in theories with real mass terms.
6.4. Two-Dimensional N = (0, 2) Ka¨hler Sigma Models
Consider a two-dimensional N = (0, 2) sigma model, whose target space is a Ka¨hler
manifold, such as CP1. The Lagrangian is
L =
i
8
∫
dθ+dθ
+
∂iK∂−−Φ
i + c.c. , (6.7)
where K is the Ka¨hler potential and the Φi are chiral, D+Φ
i = 0. The classical theory is
superconformal, and it admits an S-multiplet (5.1) with S++ ∼ gijD+ΦiD+Φ
j
and W− =
0. Quantum corrections lead to a breakdown of conformal invariance, and a non-zero W−
is generated at one-loop,
W− ∼ Rij ∂−−ΦiD+Φ
j
. (6.8)
Here Rij = ∂i∂j log det gkl is the Ricci tensor of the target space. This also shows that
the R-symmetry of the classical theory is anomalous. Note that we can write W− =
iD+R−− with R−− ∼ −i∂i log det gkl ∂−−Φi, which is not globally well-defined. There-
fore, the R-symmetry is not violated in perturbation theory, even though the theory does
not admit a well-defined R-multiplet. In particular, the constant C in (5.1) cannot be
generated perturbatively.
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Nonperturbatively, instantons activate the anomaly and explicitly break the R-
symmetry. To see this in more detail, let us consider the Euclidean two-point function
〈S+−−(0)S+++(z, z)〉,11 where S+−− ∼ Rijψi+∂−−φ
j
is generated by the one-loop anom-
aly (6.8) and S+++ ∼ gijψi+∂++φ
j
. Since this correlation function violates the R-symmetry
by two units, it vanishes in perturbation theory. However, instantons that violate the R-
symmetry by the same amount can lead to a nonzero answer. For instance, this happens
in the CP1 model, where the (anti-) instanton of degree −1 has two fermion zero modes,
and thus gives rise to a contribution
〈S+−−(0)S+++(z, z)〉instanton ∼ Λ
2
z
. (6.9)
Here Λ is the strong coupling scale of the theory. Upon integration, the residue at z = 0
gives rise to a contribution C ∼ Λ2 in (5.7). We conclude that instantons generate the
constant C in (5.1). This was pointed out in [27] and explicitly verified in [28].
6.5. A Quantum Mechanical Example
An interesting class of examples in which the superfield Yα in the S-multiplet cannot
be expressed in terms of a chiral superfield X consists of Wess-Zumino models whose su-
perpotential W is not well-defined (see subsection 2.3). To briefly illustrate the interesting
quantum effects that can arise in such models, we consider the N = 2 quantum mechanics
of a real superfield Φ:
L =
∫
dθdθ
(
DΦDΦ+W (Φ)
)
. (6.10)
Here the superpotential W is real. Since we are interested in the case where W is not
well-defined, we identify
Φ ∼ Φ+ 2π , (6.11)
and we choose
W = fΦ+ cosΦ , (6.12)
where f is a real constant. The classical vacua are determined by the equation
sinΦ = f . (6.13)
11 Here z, z are the Euclidean continuations of x−−, x++.
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When |f | > 1, there is no solution to (6.13) and SUSY is spontaneously broken at tree
level. When 0 < |f | < 1, there are two classical supersymmetric vacua satisfying (6.13). In
this case the system has two different instantons, which interpolate between these vacua –
one for each arc of the circle (6.11). These instantons mix the two vacuum states and lead
to spontaneous SUSY-breaking. Thus, the model (6.10) spontaneously breaks SUSY for all
non-zero values of f . When f = 0, there are supersymmetric vacua at Φ = 0, π. Now the
two instantons are still present and each one mixes the two vacua, but their contributions
exactly cancel and supersymmetry is unbroken.
Similar effects can arise in two-dimensional N = (2, 2) theories when W is not well-
defined. These models often admit BPS solitons that preserve some of the supercharges
to all orders in perturbation theory. However, just as in the quantum mechanical example
above, nonperturbative effects can break the remaining supersymmetries, so that the BPS
property is not maintained in the full quantum theory [29,30].
7. Partial Supersymmetry Breaking and Space-Filling Branes
The goal of this section is to clarify some issues about the phenomenon known as par-
tial supersymmetry breaking, and to relate it to our previous discussion about supercurrent
multiplets and brane currents.
7.1. A Quantum Mechanical Example
Following [19], we consider a quantum mechanical system with N = 2 supersymmetry
{Q,Q} = 2H ,
{Q,Q} = 2Z ,
{Q,Q} = 2Z .
(7.1)
Here H is the Hamiltonian and the complex constant Z is a central charge. Note that
the energy E satisfies the BPS bound E ≥ |Z|. Let us study the representations of the
algebra (7.1) as a function of Z.
If Z = 0, the algebra has two-dimensional representations with generic energy E > 0,
and a one-dimensional representation with E = 0. The one-dimensional representation is
supersymmetric; it is annihilated by both supercharges. If the Hilbert space includes a
state in this representation, N = 2 supersymmetry is unbroken. If there is no such state
in the Hilbert space, supersymmetry is completely broken.
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For Z 6= 0, the situation is more interesting. The representations with generic en-
ergy E > |Z| are two-dimensional, and they are similar to the two-dimensional represen-
tations of the Z = 0 algebra. In particular, both supercharges act non-trivially. There is
also a one-dimensional representation with E = |Z|, which saturates the BPS bound. It
is annihilated by one linear combination of the supercharges, while the other linear com-
bination acts as a constant. We say that such a state breaks N = 2 to N = 1. In other
words, it partially breaks supersymmetry.
Virtually all models have a Z2 symmetry, implemented by (−1)F , under which all
fermions are odd. Let us add this operator to the algebra (7.1). Most of the repre-
sentations discussed above easily accommodate this operator. The only exception is the
one-dimensional representation with E = |Z| 6= 0, which must be extended to a two-
dimensional representation.12
There is a fundamental difference between the partial supersymmetry breaking that
can happen when Z 6= 0 and the spontaneous supersymmetry breaking that can happen
when Z = 0.
If Z = 0, the algebra (7.1) admits supersymmetric representations. It is a dynamical
question whether or not the Hilbert space of the system includes such supersymmetric
states. Thus, whether or not supersymmetry is spontaneously broken is a property of the
ground state. The high-energy behavior of the system is supersymmetric.
Turning on a non-zero Z does not spontaneously break N = 2 to N = 1. Instead, the
original N = 2 supersymmetry algebra with Z = 0 is deformed. This deformation of the
algebra is a property of the high-energy theory rather than a property of the ground state.
The ground state is determined by the dynamics. If it saturates the BPS bound, E = |Z|,
then N = 1 is preserved. If all states have E > |Z|, supersymmetry is completely broken.
From this point of view, Witten’s argument ruling out spontaneous partial supersym-
metry breaking [31] is correct. It applies to the algebra with Z = 0. The observation of [19]
is that the algebra can be deformed to admit states that partially break supersymmetry.
This quantum mechanical discussion also emphasizes the fact that partial supersym-
metry breaking has nothing to do with infinite volume or with the non-existence of the
supercharges. It is simply a consequence of deforming the supersymmetry algebra.
12 More generally, adding (−1)F to the SUSY algebra doubles the size of a representation,
whenever the number of supercharges that do not annihilate that representation is odd.
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7.2. Partial Supersymmetry Breaking and Space-Filling Branes
In higher-dimensional systems, a central charge like Z in (7.1) is proportional to the
volume of space. For example, integrating the three-dimensional N = 2 current alge-
bra (4.14) gives
{Qα, Qβ} = −2EAγ0αβ , {Qα, Qβ} =
CA
4
γ0αβ . (7.2)
Here E is the vacuum energy density, and A → ∞ is the spatial volume. This leads to
the BPS bound E ≥ |C|/8, so that the vacuum has positive energy whenever C 6= 0. If
the BPS bound is saturated, E = |C|/8, then the vacuum breaks half of the supercharges,
preserving only N = 1 supersymmetry. If the BPS bound is not saturated, then SUSY is
completely broken.
The same phenomenon occurs in two-dimensional N = (0, 2) theories. Integrating the
current algebra (5.7) leads to
{Q±, Q±} = 2EL , {Q+, Q+} = −
CL
4
, (7.3)
where L → ∞ is the spatial volume. Just as in three dimensions, we obtain a BPS
bound E ≥ |C|/8. If this bound is saturated, then the vacuum preserves only one real
supercharge and SUSY is partially broken from N = (0, 2) to N = (0, 1). Otherwise,
supersymmetry is completely broken.
It should now be clear that partial supersymmetry breaking can be interpreted in
terms of space-filling brane currents, which give rise to constants in the SUSY current
algebra [19]. The deformation of the ordinary current algebra by these constants implies
that some of the supersymmetries are always realized non-linearly.
7.3. Examples
There are copious known examples of theories with partial supersymmetry breaking.
Many of them arise as effective field theories on various BPS branes in field theory and
string theory.
Perhaps the simplest examples occur in quantum mechanics. The theory of D0-branes
exhibits partial supersymmetry breaking. This was used in the BFSS matrix model [32] and
further explored in [33]. Two-dimensional examples arise on the world sheet of strings.
The standard Green-Schwarz light-cone string exhibits N = 16 supersymmetry broken
to N = 8. Other examples in two dimensions were studied in [19,34].
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An interesting phenomenon arises in the two-dimensionalN = (0, 2) sigma model (6.7).
As we discussed in subsection 6.4, the constant C in (7.3) cannot be generated perturba-
tively. Thus, the theory and its vacuum preserve N = (0, 2) supersymmetry to all orders
in perturbation theory. Nonperturbatively, the constant C is generated by instantons, and
the supersymmetry algebra is deformed [27,28]. Therefore, the vacuum preserves at most
one real supercharge. As was pointed out in section 7.1, BPS vacua that preserve one real
supercharge must come in pairs in order to represent (−1)F . Such pairs of BPS vacua
do not constitute short representations, and consequently it is not easy to establish their
existence.
Three-dimensional theories with partial supersymmetry breaking can be found on
the world-volume of BPS domain walls embedded in four dimensions. These theories
admit a three-dimensional S-multiplet (4.1) with C ∼ zBPS, which leads to partial SUSY-
breaking [35]. In this class of models, the constants in the SUSY current algebra arise due
to the presence of physical space-filling branes embedded in a higher-dimensional theory.
Another three-dimensional example is a variant of the two-dimensional model studied
in [34]. It has a space-filling brane current at tree-level. We start with a Wess-Zumino
model with a single chiral superfield Φ, canonical Ka¨hler potential, and superpotential
W = ω log Φ . (7.4)
Here ω is a complex constant. Note that this W is not globally well-defined. The model
has a U(1) flavor symmetry under which Φ has charge 1 and W is shifted by a constant,
δU(1)Φ = −iΦ ,
δU(1)W = −iω .
(7.5)
The scalar potential leads to runaway behavior and the theory does not have a ground
state. In order to avoid the runaway, we turn on a real massm for the U(1) flavor symmetry.
This stabilizes the runaway potential and it deforms the supercovariant derivatives by the
action of the U(1) symmetry,
Dα → Dα +mθαδU(1) ,
Dα → Dα +mθαδU(1) .
(7.6)
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The chiral superfield Φ still satisfies DαΦ = 0. Using the equations of motion D
2
Φ = −4ω
Φ
,
we can check that this model has an S-multiplet (4.1) with
Sαβ = DαΦDβΦ +DβΦDαΦ ,
χα = −1
2
D
2
Dα
(
ΦΦ
)− 4imDα (ΦΦ) ,
Yα = 4ωDαΦ
Φ
,
C = 16imω .
(7.7)
The vacuum saturates the BPS bound and supersymmetry is partially broken from N = 2
to N = 1.
The interpretation of partial supersymmetry breaking in terms of space-filling brane
currents also applies to four-dimensional N = 2 theories. Examples of such theories are
world-volume theories of BPS three-branes embedded in six dimensions [36], and gauge
theories with magnetic FI-terms [37,38]. At low energies, these models are described by
four-dimensional Born-Infeld actions with N = 1 supersymmetry [39,40].
8. Constraints on Renormalization Group Flow
Consider a supersymmetric quantum field theory with a UV cutoff. This theory must
have a well-defined supercurrent multiplet. In this section we discuss the behavior of this
multiplet under renormalization group flow. This allows us to constrain the IR behavior
of the theory.
All supercurrents furnish short representations of the supersymmetry algebra. (Equiv-
alently, they satisfy certain constraints in superspace.) As is typical in supersymmetric
theories, short multiplets are protected: they must remain short under renormalization
group flow. Therefore, the structure of the supercurrent multiplet is determined in the
UV. This structure is then preserved at all energy scales along the renormalization group
flow to the IR.
Before presenting specific applications of this reasoning, we would like to emphasize
three important subtleties:
1.) In the extreme UV the theory is superconformal and it has a superconformal multiplet.
As we start flowing toward the IR, the superconformal multiplet mixes with another
multiplet and becomes larger – it turns into one of the multiplets discussed above.
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In this section, we would like to discuss the renormalization group flow starting at a
high, but finite UV cutoff.
2.) The opposite phenomenon happens in the extreme IR, where the theory is again
superconformal and the multiplet becomes shorter. This happens because some non-
trivial operators flow to zero at the IR fixed point. (If the low-energy theory is
completely massive, the entire multiplet flows to zero in the extreme IR.) Therefore,
our conclusions about the low-energy theory will be most interesting when we consider
the theory at long, but finite distances.
3.) The supercurrent multiplet must retain its form under renormalization group flow. In
particular, constants that appear in the multiplet cannot change along the flow. This
does not mean that these constants, or other operators in the multiplet, are not cor-
rected in perturbation theory, or even nonperturbatively. However, these corrections
are completely determined by the UV theory.
Consider a four-dimensional theory that admits an FZ-multiplet in the UV. This
FZ-multiplet must exist at all energy scales. Therefore, the theory cannot have strings
carrying charge Zµ. If the low-energy theory is a weakly coupled Wess-Zumino model,
perhaps with some IR-free gauge fields, the existence of the FZ-multiplet in the IR implies
that the target space of the Wess-Zumino model has an exact Ka¨hler form (in particular,
it cannot be compact), and that there is no FI-term for any U(1) gauge field [10,13]. This
statement is nonperturbatively exact. It holds even if the topology of the target space or
the emergence of U(1) gauge fields at low energies is the result of strong dynamics. (For
earlier related results see [41] as referred to in [42], and [8,43,44].) This reasoning can also
be applied to constrain the dynamics of SUSY-breaking [45].
Likewise, a four-dimensional theory with a non-anomalous continuous R-symmetry
in the UV admits an R-multiplet, and it must retain this multiplet at all energy scales.
Consequently, a theory with a continuous R-symmetry cannot support domain walls that
carry charge Zµν . (Another application of tracking the R-multiplet from the UV to the IR
was recently found in [46].) A theory that admits both an FZ-multiplet and an R-multiplet
supports neither strings nor domain walls with charges in the supersymmetry algebra.
30
Let us demonstrate this in specific examples. Pure SU(Nc) SUSY Yang-Mills theory
admits an FZ-multiplet, but no R-multiplet.13 It has Nc isolated vacua, and it supports
domain walls carrying charge Zµν that interpolate between these vacua [20]. However,
it does not support charged strings. On the other hand, SUSY QCD with Nf ≥ Nc
massless flavors has an FZ-multiplet and an R-multiplet, and thus it supports neither
strings carrying charge Zµ nor domain walls carrying charge Zµν .
14 For Nc ≤ Nf ≤ 32Nc,
the IR theory is a weakly coupled Wess-Zumino model, in some cases with IR-free non-
Abelian gauge fields [48-50]. The target spaces of these Wess-Zumino models all have exact
Ka¨hler forms [13]. This is particularly interesting in the case Nf = Nc, when the topology
of the IR target space is deformed [48].
Just as in four dimensions, we can use supercurrents to constrain the IR behavior of
supersymmetric field theories in two and three dimensions. In particular, we can estab-
lish whether a given theory admits branes, whose charges appear in the supersymmetry
algebra. This is especially interesting for space-filling branes, which manifest themselves
as constants in the various supercurrent multiplets. As such, they are not affected by
renormalization group flow. If they are not present in the UV theory, they do not arise at
low energies.
When comparing the UV and the IR theories, we must use the supercurrents of the
full quantum theories. These may differ from the classical multiplets by perturbative or
nonperturbative corrections. For example, we saw in subsection 6.4 that anomalies can
modify the multiplet at one-loop. Likewise, the constant C in the two-dimensional S-
multiplet (5.1) can be be generated by instantons. However, we emphasize again that this
change in the value of C can be seen by performing an instanton computation in the UV
theory.
One way to constrain the form of these quantum corrections is to follow [51] and
promote all coupling constants to background superfields. For instance, we can introduce
a coupling constant τ in the sigma model (6.7) by letting ∂iK → τ∂iK. We then promote τ
to a background superfield. It is clear from (5.1) that the constant C in the S-multiplet
13 The situation in this theory is similar to the discussion in subsection 6.4. The superconformal
invariance of the classical theory is broken by quantum corrections. At one-loop we find an FZ-
multiplet with X ∼ TrWαWα, so that the R-symmetry is anomalous. Even though the theory
does not admit a well-defined R-multiplet, the R-symmetry is not violated in perturbation theory.
Nonperturbatively, instantons activate the anomaly and explicitly break the R-symmetry.
14 When Nf < Nc, the theory does not have a stable vacuum and we do not discuss it [47].
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can be modified by quantum corrections only if τ is a chiral superfield, D+τ = 0. This
is the case for the CP1 model, since Ka¨hler transformations in an instanton background
force τ to be chiral, and in this theory C is indeed generated by instantons [27,28]. In sigma
models whose target space has an exact Ka¨hler form, τ can be promoted to an arbitrary
complex superfield, and in this case C is not generated.15 (For a recent discussion of
nonrenormalization theorems in two-dimensional N = (0, 2) theories see [52].)
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Appendix A. The Energy-Momentum Tensor
In this appendix we review some facts about the energy-momentum tensor. Noether’s
theorem guarantees that any translation invariant local field theory possesses a real, con-
served energy-momentum tensor T̂µν ,
∂ν T̂µν = 0 , (A.1)
which integrates to the total momentum
Pµ =
∫
dD−1x T̂ 0µ . (A.2)
15 C violates the R-symmetry by two units and therefore it can only be generated by instantons
with two fermionic zero modes. Such instantons must be BPS, and they only exist in sigma models,
whose Ka¨hler form is not exact. (See the related discussion around (6.9).)
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The energy-momentum tensor is not unique. It can be modified by an improvement trans-
formation,
T̂µν → T̂µν + ∂ρBµνρ , Bµνρ = −Bµρν . (A.3)
The improvement term ∂ρBµνρ is automatically conserved and it does not contribute to
the total momentum (A.2). For some choices of Bµνρ, the energy-momentum tensor T̂µν
is not symmetric. (This is emphasized by the hat.) For instance, the canonical energy-
momentum tensor in Lagrangian field theories is not symmetric, if the theory contains
fields with non-zero spin.
Lorentz invariance guarantees that there is a choice for Bµνρ that leads to a symmetric
energy-momentum tensor Tµν = Tνµ. This is well-known for Lagrangian field theories [53],
but it holds more generally. Lorentz invariance implies the existence of a real conserved
current jµνρ,
∂ρjµνρ = 0 , jµνρ = −jνµρ , (A.4)
which integrates to the Lorentz generators
Jµν =
∫
dD−1x jµν
0 . (A.5)
The generators Jµν are time-independent and they satisfy i[Pµ, Jνρ] = ηµνPρ − ηµρPν , so
that the current jµνρ must take the form
jµνρ = xµT̂νρ − xν T̂µρ + sµνρ , sµνρ = −sνµρ . (A.6)
Here sµνρ is a local operator without explicit x-dependence. We can obtain a symmetric
energy-momentum tensor Tµν by performing an improvement transformation (A.3) with
Bµνρ =
1
2
(sνρµ + sνµρ + sµρν) . (A.7)
In terms of Tµν , the currents (A.6) can be written as jµνρ = xµTνρ − xνTµρ, up to an
overall improvement term.
The symmetric energy-momentum tensor Tµν is also not unique. It can be modified
by further improvement transformations (A.3), as long as Bµνρ satisfies
∂ρBµνρ = ∂
ρBνµρ , (A.8)
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so that Tµν remains symmetric.
16 In general Bµνρ has spin-1 and spin-2 components. If
we restrict ourselves to the spin-1 component, we can write
Bµνρ = ηµρUν − ηµνUρ , ∂[µUν] = 0 , (A.9)
so that the remaining allowed improvements for Tµν are given by
Tµν → Tµν + ∂µUν − ηµν∂ρUρ . (A.10)
If there is a well-defined real scalar u such that Uµ = ∂µu, these improvements take the
more familiar form
Tµν → Tµν +
(
∂µ∂ν − ηµν∂2
)
u . (A.11)
Appendix B. Conventions in Two and Three Dimensions
In this appendix we summarize our conventions for spinors and supersymmetry in two
and three dimensions. Whenever possible, we use the dimensionally reduced conventions
of Wess and Bagger [1]. In any number D of dimensions, we take the Minkowski metric
to be ηµν = −+ · · ·+, where the Lorentz indices µ, ν run from 0 to D − 1. We normalize
the totally antisymmetric Levi-Civita symbol as ε01···(D−1) = −1.
B.1. Conventions in Three Dimensions
In D = 3, the Lorentz group is SL(2,R) and the fundamental representation is a
real two-component spinor ψα = ψα (α = 1, 2). There are only undotted indices and as
in D = 4, they are raised and lowered by acting from the left with the antisymmetric
symbols εαβ and ε
αβ ,
ψα = εαβψβ , ψα = εαβψ
β . (B.1)
There is now only one way to suppress contracted spinor indices,
ψχ = ψαχα , (B.2)
16 Locally, we can express Bµνρ = ∂
σYµσνρ, where Yµσνρ has the symmetries of the Riemann
curvature tensor. (It is antisymmetric in each pair µσ and νρ, but symmetric under the exchange
of these pairs). However, Yµσνρ may not be well-defined.
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and this leads to some unfamiliar signs, which are absent in D = 4. For instance, under
Hermitian conjugation we have
(ψχ) = −χψ . (B.3)
We work in a basis in which the three-dimensional gamma matrices are given by17
γµαβ =
(−1, σ1, σ3) . (B.4)
Here 1 is the 2× 2 unit matrix, and σ1, σ3 are Pauli matrices. The gamma matrices (B.4)
are real, and they satisfy the following identities:
γµαβ = γ
µ
βα ,
(γµ)α
β
(γν)β
λ
= ηµνδα
λ + εµνρ(γρ)α
λ
,
(γµ)αβ (γµ)λκ = εαλεκβ + εακελβ .
(B.5)
We can use these to switch between vectors and symmetric bi-spinors,
ℓαβ = −2γµαβℓµ , ℓµ =
1
4
γαβµ ℓαβ , ℓαβ = ℓβα . (B.6)
The conventional N = 2 supersymmetry algebra in D = 3 takes the form
{Qα, Qβ} = 2γµαβPµ + 2iεαβZ ,
{Qα, Qβ} = 0 .
(B.7)
The real scalar Z is a central charge. (As in four dimensions, we can extend (B.7) by
adding additional brane charges [3].) This algebra admits a U(1)R automorphism under
which Qα has charge −1,
[R,Qα] = −Qα . (B.8)
If the central charge Z in (B.7) vanishes, then N = 2 superspace in D = 3 is the naive
dimensional reduction ofN = 1 superspace inD = 4. The supercharges Qα are represented
on superfields S(x, θ, θ) by differential operators Qα,
[ξαQα − ξαQα, S] = i
(
ξαQα − ξαQα
)
S , (B.9)
with
Qα = ∂
∂θα
+ i
(
γµθ
)
α
∂µ ,
Qα = − ∂
∂θ
α − i (γµθ)α ∂µ .
(B.10)
17 These gamma-matrices are obtained by reducing σµ
αβ˙
along the four-dimensional 2-direction.
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The corresponding supercovariant derivatives are given by
Dα =
∂
∂θα
− i (γµθ)
α
∂µ ,
Dα = − ∂
∂θ
α + i (γ
µθ)α ∂µ .
(B.11)
They satisfy the identities
{Dα, Dβ} = i∂αβ ,
DαDα = D
α
Dα ,
{Dα, Dβ} = 0 .
(B.12)
These formulas can be used to derive other useful identities, such as DαD
β
Dβ =
−12D
β
DβDα. To write supersymmetric actions, we also need the superspace integrals
∫
d2θ θ2 = 1 ,
∫
d2θ θ
2
= −1 ,
∫
d4θ θ2θ
2
= −1 . (B.13)
B.2. Conventions in Two Dimensions
In D = 2, the irreducible representations of the Lorentz group are real and one-
dimensional. There are two inequivalent real spinors ψ±. They can be obtained by reducing
from D = 3 and identifying18
ψα=1 → ψ− , ψα=2 → ψ+ . (B.14)
As in (B.1), we raise and lower indices according to
ψ+ = −ψ− , ψ− = ψ+ . (B.15)
We will only use spinor indices ±, so that every vector ℓµ is written as a bi-spinor
ℓ±± = ℓ
∓∓ = 2 (ℓ0 ± ℓ1) . (B.16)
This leads to some unfamiliar numerical factors. For instance,
ℓ2 = −1
8
(
ℓ++ℓ++ + ℓ
−−ℓ−−
)
= −1
4
ℓ++ℓ−− . (B.17)
18 In our conventions, this corresponds to reducing along the three-dimensional 1-direction.
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The conventional N = (2, 2) supersymmetry algebra in D = 2 takes the form
{Q±, Q±} = −P±± ,
{Q+, Q−} = Z ,
{Q+, Q−} = Z˜ .
(B.18)
The complex scalars Z and Z˜ are central charges. This algebra admits a continu-
ous U(1)RV × U(1)RA automorphism
[RV , Q±] = −Q± , [RV , Z] = −2Z ,
[RA, Q±] = ∓Q± , [RA, Z˜] = −2Z˜ ,
(B.19)
as well as a Z2 mirror automorphism
Q− ↔ Q− , Z ↔ Z˜ , RV ↔ RA . (B.20)
If the central charges in (B.18) vanish, then N = (2, 2) superspace in D = 2 is the
naive dimensional reduction of N = 2 superspace in D = 3. The supercharges Q± are
represented on superfields S(x, θ, θ) by differential operators Q±,
[ξ+Q+ + ξ
−Q− − ξ+Q+ − ξ
−
Q−, S] = i
(
ξ+Q+ + ξ−Q− − ξ+Q+ − ξ−Q−
)
S , (B.21)
with
Q± = ∂
∂θ±
+
i
2
θ
±
∂±± ,
Q± = − ∂
∂θ
± −
i
2
θ±∂±± .
(B.22)
The corresponding supercovariant derivatives are given by
D± =
∂
∂θ±
− i
2
θ
±
∂±± ,
D± = − ∂
∂θ
± +
i
2
θ±∂±± .
(B.23)
They satisfy the identities
{D±, D±} = i∂±± ,
D2± = D
2
± = {D±, D∓} = 0 .
(B.24)
The N = (0, 2) subalgebra of (B.18) takes the from
{Q+, Q+} = −P++ ,
Q2+ = 0 .
(B.25)
It admits a U(1)R automorphism under which Q+ has charge −1. To obtain N = (0, 2)
superspace, we simply set θ− = 0 in N = (2, 2) superspace.
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Appendix C. The S-Multiplet in Two-Dimensional N = (2, 2) Theories
The S-multiplet in two-dimensional theories with N = (2, 2) supersymmetry consists
of two real superfields S±±, which satisfy the constraints
D±S∓∓ = ± (χ∓ + Y∓) , (C.1)
where
D±χ± = 0 ,
D±χ∓ = ±C(±) ,
D+χ− −D−χ+ = k ,
(C.2)
and
D±Y± = 0 ,
D±Y∓ = ∓C(±) ,
D+Y− +D−Y+ = k′ .
(C.3)
Here k, k′ and C(±) are real and complex constants respectively.
It is straightforward to solve the constraints (C.1) in components:
S±± = j±± − iθ±S±±± − iθ∓
(
S∓±± ∓ 2
√
2iψ±
)
− iθ±S±±±
− iθ∓
(
S∓±± ± 2
√
2iψ±
)
− θ±θ±T±±±± + θ∓θ∓
(
A∓ k + k
′
2
)
+ iθ+θ−Y ±± + iθ
+
θ
−
Y±± ± iθ+θ−G±± ∓ iθ−θ+G±±
∓ 1
2
θ+θ−θ
±
∂±±S∓±± ∓ 1
2
θ+θ−θ
∓
∂±±
(
S±∓∓ ± 2
√
2iψ∓
)
∓ 1
2
θ
+
θ
−
θ±∂±±S∓±± ∓ 1
2
θ
+
θ
−
θ∓∂±±
(
S±∓∓ ∓ 2
√
2iψ∓
)
+
1
4
θ+θ−θ
+
θ
−
∂2±±j∓∓ .
(C.4)
The chiral superfields χ± are given by
χ+ = −iλ+(y)− iθ+G++(y) + θ−
(
E(y) +
k
2
)
+ θ
−
C(−) + θ+θ−∂++λ−(y) ,
χ− = −iλ−(y)− θ+
(
E(y)− k
2
)
+ iθ−G−−(y)− θ+C(+) − θ+θ−∂−−λ+(y) ,
λ± = ±S∓±± +
√
2iψ± ,
E =
1
2
(T++−− −A) + i
4
(∂++j−− − ∂−−j++) ,
∂++G−− − ∂−−G++ = 0 ,
y±± = x±± + 4iθ±θ
±
,
(C.5)
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and the twisted (anti-) chiral superfields Y± are given by
Y+ =
√
2ψ+(y˜) + θ
−
(
F (y˜) +
k′
2
)
− iθ+Y++(y˜)− θ−C(−) +
√
2iθ−θ
+
∂++ψ−(y˜) ,
Y− =
√
2ψ−(y˜)− θ+
(
F (y˜)− k
′
2
)
+ θ
+
C(+) − iθ−Y−−(y˜) +
√
2iθ+θ
−
∂−−ψ+(y˜) ,
F = −1
2
(T++−− + A)− i
4
(∂++j−− + ∂−−j++) ,
∂++Y−− − ∂−−Y++ = 0 ,
y˜±± = x±± ± 4iθ±θ± .
(C.6)
The supersymmetry current is conserved, and the energy-momentum tensor is real, con-
served, and symmetric. The S-multiplet contains 8+8 independent real operators and the
constants k, k′, C(±).
The mirror automorphism (B.20) acts on superspace by exchanging θ− ↔ −θ− and
D− ↔ D−. The constraints (C.1), (C.2), and (C.3) are invariant, if we accompany this
action on superspace by
S±± ↔ ±S±± , χ+ ↔ Y+ , χ− ↔ −Y− ,
k ↔ −k′ , C(+) ↔ C(+) , C(−) ↔ C(−) .
(C.7)
This implies that Q− ↔ Q−, Z ↔ Z˜, and RV ↔ RA.
The S-multiplet ofN = (2, 2) decomposes into multiplets of theN = (0, 2) subalgebra.
This decomposition includes the S-multiplet of N = (0, 2), which is given by
S++
∣∣
θ−=0
,
W− = i (χ− −Y−)
∣∣
θ−=0
,
T−−−− = 1
2
[D−, D−]S−−
∣∣
θ−=0
.
(C.8)
These superfields satisfy the constraints (5.1) with C = 2iC(+). After the N = (0, 2)
projection, the constants k, k′ can be eliminated by a shift of T++−−, which amounts to
an unobservable shift in the total energy.
The S-multiplet (C.1) can be modified by an improvement transformation
S±± → S±± + [D±, D±]U ,
χ± → χ± −D+D−D±U ,
Y± → Y± −D±D+D−U .
(C.9)
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Here U is a real superfield, which is well-defined up to shifts by a real constant.
In some cases, the S-multiplet can be improved to a smaller supercurrent:
1.) If k = C(±) = 0 and there is a well-defined real U such that χ± = D+D−D±U ,
then χ± can be improved to zero and we obtain an FZ-multiplet
D±J∓∓ = ±Y∓ ,
D±Y± = 0 , D±Y∓ = 0 ,
D+Y− +D−Y+ = k′ .
(C.10)
This multiplet contains 4 + 4 independent real operators and the real constant k′. It
follows from (C.10) that
∂++J−− − ∂−−J++ = 0 , (C.11)
so that the bottom component of the FZ-multiplet gives rise to a conserved RA-current
with RA = −14
∫
dx (j++ − j−−).
2.) If k′ = C(±) = 0 and there is a well-defined real U such that Y± = D±D+D−U ,
then Y± can be improved to zero and we obtain an R-multiplet
D±R∓∓ = ±χ∓ ,
D±χ+ = 0 , D±χ− = 0 ,
D+χ− −D−χ+ = k .
(C.12)
Like the FZ-multiplet, it contains 4 + 4 real operators, as well as the real constant k.
It follows from (C.12) that
∂++R−− + ∂−−R++ = 0 , (C.13)
so that the bottom component of the R-multiplet is a conserved RV -current with
RV = −14
∫
dx (j++ + j−−). Note that the mirror automorphism (B.20) exchanges
the R-multiplet and the FZ-multiplet.
3.) If k = k′ = C(±) = 0 and we can set both χ± and Y± to zero by a single improvement
transformation, then the theory is superconformal and the supercurrent satisfies
D±J++ = 0 , D±J−− = 0 . (C.14)
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The current algebra that follows from the S-multiplet takes the form
{Q±, S±±±} = −T±±±± −
i
2
∂±±j±± ,
{Q±, S±∓∓} = −T++−− ±
1
2
(k − k′) + i
2
∂∓∓j±± ,
{Q±, S±∓∓} = 2C(±) ,
{Q+, S−±±} = ∓iY ±± ,
{Q+, S−±±} = ∓iG±± .
(C.15)
This allows us to identify the conserved brane currents. The zero-brane currents ∓iY ±±
and ±iG±± give rise to well-defined central charges Z and Z˜. These currents are exchanged
by the mirror automorphism (B.20). The constants C(±) and k − k′ are interpreted as
space-filling brane currents, which can lead to partial SUSY-breaking.
Appendix D. Additional Supercurrent Multiplets?
In this appendix we consider certain multiplets that are more general than the S-
multiplet. We show that they are acceptable supercurrents only if they differ from the
S-multiplet by an improvement transformation.
One such multiplet was proposed in [9,14]; see also [15,16]. It is a real superfield Kµ
that satisfies the constraints
D
α˙Kαα˙ = χα + iχ′α + Yα ,
Dα˙χα = 0 , D
αχα = Dα˙χ
α˙ ,
Dα˙χ
′
α = 0 , D
αχ′α = Dα˙χ
′α˙ ,
DαYβ +DβYα = 0 , D2Yα = 0 .
(D.1)
If χ′α = 0, we recover the S-multiplet (1.10).
It is straightforward to solve the constraints (D.1) in components. In particular, we
find that
Kµ
∣∣
θσνθ
= 2T̂νµ − ηµνA− 1
8
ενµρσ (F
ρσ + 4∂ρjσ)− 1
2
F ′νµ . (D.2)
The operators A, Fµν , jµ are familiar from the S-multiplet, while the real closed two-
form F ′µν comes from the superfield χ
′
α. The energy-momentum tensor T̂µν is real and
conserved,
∂ν T̂µν = 0 , (D.3)
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but it is not symmetric,
T̂µν − T̂νµ = 1
4
F ′µν . (D.4)
However, Lorentz invariance guarantees that T̂µν can be improved to a symmetric energy-
momentum tensor Tµν (see appendix A).
The allowed improvements of (D.1) take the form
Kαα˙ → Kαα˙ +DαΣα˙ −Dα˙Σα ,
χα → χα + 3
4
(
D
2
Σα − 2Dα˙DαΣα˙ −DαDα˙Σα˙
)
,
χ′α → χ′α −
i
4
(
D
2
Σα + 2Dα˙DαΣ
α˙
+DαDα˙Σ
α˙
)
,
Yα → Yα + 1
2
DαDα˙Σ
α˙
,
(D.5)
where Σα satisfies the constraint
DαΣβ +DβΣα = 0 . (D.6)
The transformation (D.5) shifts the energy-momentum tensor by an improvement term of
the form (1.6),
T̂νµ → T̂νµ + ∂νUµ − ηµν∂ρUρ , ∂[µUν] = 0 . (D.7)
If this improvement makes T̂µν symmetric, then (D.4) shows that it also sets the two-
form F ′µν to zero, and hence the entire superfield χ
′
α vanishes. Thus, the multiplet (D.1)
is an acceptable supercurrent only if it is decomposable and can be improved to an S-
multiplet.
As an example, we consider a supercurrent that arises in conjunction with non-minimal
supergravity theories [7,17]. In our conventions it takes the form
D
α˙Gαα˙ = iχ′α +DαX ,
χ′α = −
i
6
(
D
2
λα + 2Dα˙Dαλ
α˙
+DαDα˙λ
α˙
)
,
X =
1
3(3n+ 1)
Dα˙λ
α˙
,
(D.8)
where
Dαλβ +Dβλα = 0 , (D.9)
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and n is a complex parameter. We immediately see that it is possible to set χ′α to zero by
an improvement transformation (D.5) with Σα = −23λα. This gives rise to an S-multiplet
Sαα˙ = Gαα˙ − 2
3
(
Dαλα˙ −Dα˙λα
)
, (D.10)
with
χα = −1
2
(
D
2
λα − 2Dα˙Dαλα˙ −DαDα˙λα˙
)
,
X = − n
3n+ 1
Dα˙λ
α˙
.
(D.11)
This form of the multiplet makes manifest two special cases: if n = 0, we obtain an R-
multiplet, and if n → −13 , we obtain an FZ-multiplet. (These values of n correspond
to the new-minimal and the old-minimal limits of non-minimal supergravity.) The S-
multiplet (D.10) is decomposable when λα = DαU , where the real superfield U is well-
defined up to shifts by a real constant. Then, it can be improved to either an FZ-multiplet
or an R-multiplet. In particular, in this case the theory has a continuous R-symmetry.
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